Hermitian categories, extension of scalars and 
systems of sesquilinear forms 

Eva Bayer-Fluckiger and Daniel Arnold Moldovan* 
Ecole Polytechnique Federale de Lausanne, Switzerland 

January 1, 2013 



Abstract In this paper we define a notion of Witt group for sesquilinear forms in 
hermitian categories, which in turn provides a notion of Witt group for sesquilin- 
ear forms over rings with involution. We also study the extension of scalars for 
i^-hnear hermitian categories, where K is a field of characteristic 7^ 2. We finally 
extend several results concerning sesquilinear forms to the setting of systems of 
such forms. 

Mathematics Subject Classification (2000) 11E39, 11E81. 

Keywords sesquilinear forms, hermitian forms, systems of sesquilinear forms, 
hermitian categories, iT-hnear categories, scalar extension, Witt group. 

Introduction 

There exists a classical notion of Witt group for hermitian forms over rings with 
involution (see for instance [6] and [8]). However, there is no analogous notion for 
sesquilinear forms. In this paper we define, based on an equivalence of categories 
proven in [5], a notion of Witt group for sesquilinear forms in hermitian categories. 
In particular we obtain a notion of Witt group for sesquilinear forms over a ring 
with involution. 

We then study the extension of scalars for i^'-linear hermitian categories, where 
is a field of characteristic 7^ 2, and we prove its injectivity in the case of an 
extension of odd degree and a hermitian category in which all idempotents split. 

We also introduce the notion of system of sesquilinear forms over a ring with 
involution and we generalize several results proven in [5] to systems of sesquilinear 
forms. 
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§1. Sesquilinecir and hermitian forms over rings with involution 

Let ^4 be a ring. An involution on A is by definition an additive map a : A ^ A 
such that cr{ab) = a{b)a{a) for all a,h E A and is the identity. Let V he a, 
right A-modulc of finite type. A s esquilin ear form ovei {A, a) is a biadditive map 
s : V xV ^ A satisfying the condition s{ax,by) = a{a)s{x,y)b for all x,y eV 
and all a,b E A. The orthogonal sum of two sesquilinear forms (V, s) and {V, s') 
is by definition the form {V ®V',s® s') defined by 

(s © s'){x ®x',y® y') = s{x, y) + s\x', y') 

for all x^y E V and x', y' G V . Two sesquilinear forms (V, s) and (V^', s') are 
called isometric if there exists an isomorphism of ^-modules / : V^V such that 
s'ifix)Jiy)) = s{x,y) for all x,y eV. 

Let = B.omA{V,A). Then has a structure of right A-module given by 
f{x) ■ a = a{a)f{x) for all a e A, f e V* and a e A. We say that V is 
reflexive if the homomorphism of right 74-modules Cy ■ V ^ V** defined by 
ev{x){f) = a{f{x)) for all x eV and f eV* is bijective. 

A sesquilinear form (V, s) over {A, a) induces two homomorphisms of left A- 
modules V ^ V*, called its left;, respectively right adjoint, namely si : V ^ V* 
defined by si{x){y) = s{x,y) and Sr : V ^ V* given by Sr{x){y) — a{s{y,x)) for 
all x,y eV. We observe that Sr = s^cy- 

Let e = ±1. A sesquilinear form {V, s) over {A, a) is called e-hermitian if V" is a 
projective A-module and a{s{x,y)) = es{y,x) for all x,y E V, i.e. Si = eSj.. A 
1-hermitian form is also called a hermitian form. An e-hermitian form {V, s) is 
called unimodular if si (or equivalently Sr) is bijective. There exists a classical 
notion of Witt group for unimodular e-hermitian forms over [A, a) (see e.g. [6]). 
Denote by Gr^(A,a) the Grothendieck group of isometry classes of unimodular 
e-hermitian forms over (A, cr), with respect to the orthogonal sum. A unimodular 
e-hermitian form over [A, a) is called hyperbolic if it is isometric to a form IHI(V"), 
where y is a finitely generated projective right A-module and 

M{V) :V ^V* ^V* ®V** 

X + y ^ y + eev{x), Vx e V, y e V*. 

The quotient of Gr'^(/1, cj) by the subgroup generated by the unimodular e- 
hermitian forms is called the Witt group of unimodular e-hermitian forms over 
{A, a) and is denoted by 14^^(74, cr). 

Let us denote by §{A,a) ( !K^{A,a) ) the category of sesquilinear (respectively 
unimodular e-hermitian) forms over {A, a). The morphisms of these categories 
are isometrics. For simplicity let !K{A,a) = !K^{A,a). 
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§2. Hermitian categories 



The aim of this section is to recall some basic notions about hermitian categories 
as presented in [8] (see also [6], [7]). 

§2.1. Preliminaries 

Let C be an additive category. Let * : 6 — )■ C be a duality functor, i.e. an 
additive contravariant functor with a natural isomorphism (-E'c)cee : id — )■ ** 
such that EqEc* = idc* for all C e 6. An additive category with a duality 
functor is called a hermitian category. A sesquilinear form in the category C is a 
pair (C, s), where C is an object of C and s : C — )■ C*. A sesquilinear form (C, s) 
is called unimodular if s is an isomorphism. Let e = ±L An e-hermitian form in 
the category C is a sesquilinear form (C, s) such that s = es*Ec- A 1-hermitian 
form is also called a hermitian form. Orthogonal sums of forms are defined in 
the obvious way. Let (C, s) and (C, s') be two sesquilinear forms in 6. We say 
that these forms are isometric if there exists an isomorphism / : C^C in the 
category 6 such that s — f*s'f. 

Denote by IK^(C) the category of unimodular e-hermitian forms in the category 
C. The morphisms are isometries. For simphcity let 'K{G) — 'K^{G). 

The hyperbolic unimodular e-hermitian forms in C are the forms isometric to Hq, 
(5 e C, given by 

Hq = eEg e idg* : Q e Q* ^ g** e g* ~ (g © Q*y. 

The quotient of the Grothcndicck group of isomctry classes of unimodular e- 
hermitian forms in C (with respect to the orthogonal sum) by the subgroup 
generated by the hyperbolic forms is called the Witt group of unimodular e- 
hermitian forms in Q and is denoted by W'^{Q). For simplicity set W{Q) — W^{Q). 

Wc observe that if we take C to be the category of reflexive right A-modules of 
finite type, then the notion of sesquilinear form coincides with the one defined in 
the preceding section. Analogously, if we take C to be the category of projective 
right A-modules of finite type, then the notion of hermitian form coincides with 
the one defined in the preceding section. 

Let (M, *) and (M', *) be two hermitian categories. A duality preserving functor 
from (M, *) to (M', *) is an additive functor F : M — >■ M' together with a natural 
isomorphism i = {iM)MeM '■ F* *F. This means that for any M G M there 
exists a natural isomorphism iM '■ F{M*)^F{M)* such that for all G M and 
/ G Hom3v((M, N) the following diagram commutes: 
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F{N*) F{M*) 



In 



I'M 



F{NY ^^F{M)* 

For A = ±1, a duality preserving functor F is called X-hermitian if iM*F{eM) = 
Xi*MeF(M) for all M e M. Let e = ±1. We recall from [6], pp. 80-81 that a 
A-hermitian functor F : M ^ M' induces a functor 

Herm^(F) : J{'{M) J{'^{M') 

{M,h)^{F{M),tMF{h)), 

which preserves orthogonal sums and hyperbolicity. Therefore it induces a ho- 
momorphism between the corresponding Witt groups: 

If F is fully faithful, then Herm^(F) is also fully faithful. Moreover, if F is an 
equivalence of categories, then Herm^(F) is also an equivalence of categories and 
the induced group homomorphism Herm (F) is bijective. 



§2.2. Transfer into the endomorphism ring 

The aim of this subsection is to introduce the method of transfer into the endo- 
morphism ring, which allows us to pass from the abstract setting of hermitian 
categories to that of a ring with involution, which is more concrete. This method 
will be extensively applied in section 4. 

Let M be a hermitian category and M be an object of M, on which we suppose 
that there exists a unimodular eo-hermitian form ho for a certain cq = ±1. De- 
note by E the endomorphism ring of M. According to [7], lemma 1.2, the form 
(M, h) induces on E an involution a, defined by = h^"^ f*hQ for all f E E. 

We say that an idempotent e E E splits if there exist an object M' e M and 
morphisms i : M' ^ M , j : M ^ M' such that ji = idu' and ij = e. 

Denote by M|m the full subcategory of M which has as objects all the objects of 
M isomorphic to a direct summand of a finite direct sum of copies of M and by 
'J'{E) the category of finitely generated projective right £^-modules. We consider 
the following functor: 

3^ = Hom(M, -) : M|m ^ 7{E) 
N ^ Hom(M, N), VAT e M\m 
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/ ^ :?(/), V/ e Hom(7V, TV'), V7V, TV' e M|m, 

where for all e Hom(M, A?"), 3^(f){g) — fg. In [7], proposition 2.4 it has been 
proven that this functor is fully faithful and duality preserving with respect to 
the natural isomorphism i = {iN)N<=M\M • ^* ~^ *?" given by iNif) = 5'(^o^/*eAr) 
for every G M|m and / G Hom(M, iV*). In addition, if all the idempotents of 
MItv split, then J' is an equivalence of categories. By computation we easily see 
that 3^ is eo-hermitian. 

§2.3. Ring extension and genus in hermitian categories 

In this subection we introduce the notions of extension of rings and genus in 
hermitian categories. 

Let C be an additive category and i? be a commutative ring with unity. By 
extension of scalars from Z to i? we obtain a new category, denoted by C (8)z R 
and called the extension of the category C to the ring R. Its objects are the same 
as those of C and for two such objects M and N set 

Home®2ji(M, N) = Home(M, N) ®z R. 

It is straightforward to check that in this way we obtain an additive category. If, 

in addition, there is a duality functor * in the category C, then C ®i R becomes a 
hermitian category by setting {f®a)* = f*®a for all M,N e G, f e Home(M, A^) 
and a E R. 

For each prime spot p of Q we denote by Gp the category C ^p- 

Let C be an additive category. Two sesquilinear forms s : M — > M* and t : N ^ 
N* in the category 6 are said to be in the same genus if for all primes p of Q 
there exist Fp e Home(M, N)p and Gp G Home(A^, M)p such that FpGp and GpFp 
are equal to the identity and in addition F*{t <S> — s <S)1- This is equivalent 
to saying that the extended sesquilinear forms (M, s 1) and (N, t 1) become 
isometric in the extended category Gp for every p. 

§2.4. X-linear hermitian categories and scalar extension 

The aim of this section is to give an introduction to the theory of K-\ineai hermi- 
tian categories. Their consideration is motivated by the idea of defining a notion 
of scalar extension in hermitian categories. 

2.4.1. Definition Let X be a field. A K -linear category is an additive cat- 
egory M such that for every M, A^ G M, the set }iomj^{M, N) has a structure 
of finite-dimensional i^-vector space such that the composition of morphisms is 
i^-bilinear. An additive functor F : M — ?■ 3\f between two i^-linear categories is 
called K -linear if for any M, A^ G M, the induced map 

Fm,n ■ Hom3vt(M, AT) ^ HomK(F(M), F(Ar)) 
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is X-linear. 

A K-linear hermitian category is a K-linear category together with a K-\meax 
duahty functor. 

Let (M, *) be a K-\meax hermitian category and consider a finite field extension 
L of K. We define the extension of the category M to L as being the category 
Ml with the same objects as M and with the morphisms given by 

HomM^ (M, N) = RomyiiM, N)®kL 

for all M, e M. It is clear that the category M^, is L-linear. 

If in M there is a A'-linear duality functor * then we can define a duality functor 
in JAl in the following way: on objects it coincides with the duality functor of 
M and for morphisms set {f®a)* = f*®a for all / G Hom3vt(M, A^), M, iV e M 
and a G L and then extend by additivity. 

The scalar extension functor from M to Ml is defined by 

JIl/k : M^^ Ml 

M ^ M, VM e M 
/ ^ / ® 1, V/ e Hom(M,Ar). 

It is straightforward to check that the functor OIl/k is 1-hermitian. As we have 
seen in §2.1, it induces for every e = ±1 a group homomorphism 

called restriction map. 

§3. Sesquilinecir forms over rings with involution and hermitian cate- 
gories 

In this section we prove that the category of sesquilinear forms over a ring with 
involution is equivalent with the category of unimodular hermitian forms in a 
suitably constructed hermitian category. We also define a notion of Witt group 
for sesquilinear forms in hermitian categories. In particular we obtain a notion 
of Witt group for sesquilinear forms over rings with involution, which generalizes 
the analogous notion for unimodular hermitian forms. 

§3.1. An equivalence of categories 

Let M be an additive category. On the model of [5], §3, we construct the category 

of double arrows o/M, denoted by M*^^^ Its objects are of the form (M, A^, /, g), 
where M,N e M and f,g & Hom(M, A^). A morphism from [M,N,f,g) to 
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(M', N', /', g') is a pair (0, where e Hom(M, M') and ip e Hom(A^, A^') sat- 
isfying the conditions tpf — f'(f) and ijjg = g'cf). Then M*^^-* is obviously an additive 
category. If in addition there is a duahty functor * in M, then M*-^^ becomes a 
hermitian category by defining the dual of (M, N, f, g) as being {N* , M*, g*, /*) 
and setting E(M,Nj,g) = (eAf,eiv). 

We define a functor F : S(M) 'K{M^^^) as follows. Let (M, s) be a sesquilin- 
ear form in M. Then {M, M* , s, s*eM) is an object of M^^^ and it is easy to 
check that {cm, idju*) defines a unimodular hermitian form on it. Set F{M, s) — 
((M, M*, s, s*eM), (cm, idA/.))- Foi' an isometry : (M, s) ^ {M', s') of sesquilin- 
ear forms in M set F{(j)) = (0, 

We also define a functor G in the opposite direction: for every object (M, N, f, g) 
of M*^^-* and any unimodular hermitian form (.^i, .^2) on it set G{{M, N, f, g), (^1, ^2)) = 
(M, ^2/)- For a morphism (Ai,A2) between two unimodular hermitian forms in 
M(2) define ^(Ai, A2) = Ai. 

3.1.1. Theorem The functors F and G realize an equivalence between the 
categories §,{M) and ^{(M^^)). 

Proof. The proof is completely analogous to the one of [5], theorem 4.1. 
§3.2. Hyberbolic sesquilinear forms 

Using the functor G we can define a notion of hyperbolicity for sesquilinear forms 
in M, which will in turn lead to a notion of Witt group. 

3.2.1. Definition A sesquilinear form in M is called hyperbolic if it is isometric 
to a form G{P, s), where (P, s) E 3-C(M*^^^) is hyperbolic. 

Let {A, a) be a ring with involution. Taking M to be the category of refiexive 
right 74-modules of finite type we obtain a notion of hyperbolicity for sesquilinear 
forms over {A, a). 

We have the following explicit characterization of hyperbolic sesquilinear forms 
over {A, a): 

3.2.2 Proposition A sesquilinear form {V, s) over {A, a) is hyperbolic if and 

only if there exist two reflexive right A-modules of finite type M and N and two 
A-linear homomorphisms f,g:M^N such that {V, s) is isometric to the form 
{M®N\ H^M,N,f,g)), given by 

H^M,N,f,g) ■ (M ® N*) x(M®N*)^A 
{xi + yi, X2 + z/2) H- yi{g{x2)) + a{y2{f{xi))), Vxi, X2 e M, Vyi, y2 e N* . 
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Proof. For all Q — (M, N, /, g) e M^^^ the hyperbolic unimodular hermitian 
form Hq in M^^^ is defined by 

hence G(E.q) is given by 

G{mQ) : M ®N* ^ M* ®N** 

x + y^g*{y) + eiv(/(x)), Vx e M, Vy e TV*. 
It is easy to identify this form with Hq. □ 
Particularizing the last proposition, we obtain: 

3.2.3. Proposition 

a) The hyperbolic hermitian forms over {A, a) are given, up to isometry, by the 
forms {M(BN*, H(^m,njj)), where M and N are two reflexive right A-modules 
of finite type and f : M ^ N is an A-linear homomorphism. 

b) The hyperbolic unimodular sesquilinear forms over {A, a) are given, up to 

isometry, by (M © N* ,H(M.Nj.g)), where M and N are two reflexive right 
A-modules of finite type and f,g : M ^ N are two A-linear isomorphisms. 

c) The hyperbolic unimodular hermitian forms over (^4, cr) are given, up to isom- 
etry, by {M © M*,Hm); where M is a reflexive right A-module of finite type 
and 

Hm : (M © M*) X (M © M*) ^ A 
{xi + 7/1, X2 + y2) H- yi{x2) + a{y2{xi)), Vxi, t/i e M, Vt/i, 7/2 e M*. 

Proof. It is straightforward to check that the form (M © N* , H(^M,Nj,g)) is 
hermitian if and only \i f — g and that it is unimodular if and only if / and g are 
isomorphisms. The point c) follows from a) and b) and from the fact that the 
forms [M®N* , H(m,njj)) and (M©M*, Hm) are isometric via the isomorphism 
of ^-modules idM © /* : M © N*^M © M*. □ 

3.2.4. Definition Let Gr5(M) be the Grothendieck group of isometry classes 
of sesquilinear forms in M, with respect to the orthogonal sum. It is easy to 
check that the isometry classes of hyperbolic sesquilinear forms form a subgroup 
of Gr5'(M), which we denote by El5(M). The Witt group of sesquilinear forms in 
the category M is defined to be the quotient 

Ws{yi) = Gr5(M)/H5(M). 
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Taking M to be the category of reflexive right A-modules of flnite type we obtain 
a notion of Witt group for sesquihnear forms over (A, a). We observe that in the 
case of unimodular hermitian forms our definition coincides with the well-known 
one. 

§3.3. Finiteness results concerning the genus of sesquilinear forms 

In this subsection we prove a finiteness result concerning the genus of sesquilinear 
forms, based on the methods of [5], §9. For a ring A we denote by T{A) the Z- 
torsion subgroup of A. If i? is a ring containing Z, then we say that A is R-finite 
if Ar = a (8)z -R is a finitely generated it!-module and T{A) is finite. 

3.3.1. Theorem Let A be a ring and a be an involution on A. Let (V, s) be 

a sesquilinear form over {A, a) and assume that EndA{V) is Q-finite. Then the 
genus of (V, s) contains only a finite number of isometry classes of sesquilinear 
forms. 

Proof. The functor F defined in §3.1 induces a bijection between the genus 
of (V, s) and the genus of F{V,s). Denote by E the endomorphism ring of 
(V, V*,si, Sr) in M. Since End^(V^) is Q-finite and E is a subring of EiadA{V) x 
EndA{V*) ~ End^(V^) x End^(V"), E is Q-finite too. From [3], theorem 3.4 it 
follows that the genus of F{V, s) contains only a finite number of isometry classes 
of unimodular hermitian forms, which implies that the genus of (V, s) contains 
only a finite number of isometry classes of sesquilinear forms. 

§4. The restriction map for i^-linecir hermitian categories in odd degree 
extensions 

It is well-known that if X is a field of characteristic ^ 2 and L/K is an extension of 
odd degree, then the restriction map ti^/k '■ W{K) W{L) is injective. The aim 
of this section is to prove an analogous result for X-linear hermitian categories. 

Let be a field of characteristic ^ 2 and M be a i^-linear hermitian category. 
Let L be a finite extension of K, Ml be the extension of the category M to L 
and ^L/K '■ ^ be the scalar extension functor, as defined in §2.5. 

4.1. Theorem Suppose that all the idempotents o/M split and that the extension 
L/K is of odd degree. Then for all e = ±1 the map 

Hei^'(3lL/ic) : W'{M) W'{Ml) 

is injective. 

This result will follow as an immediate corollary from the following one. 
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4.2. Theorem Let M he an object of M that admits a unimodular hermitian 
or skew-hermitian form. Suppose that all the idempotents ci/M|m split and that 
the extension L/K is of odd degree. Then for all e ~ ±1, the map 

is injective. 

Proof of theorem 4.2 Denote by Hq a unimodular eo-hermitian form on M. 
Since the category M is i^-Unear, the endomorphism ring of M in M has a 
structure of finite-dimensional X-algebra. According to [7], lemma 1.2, ho induces 
on £^ a X-linear involution, denoted by a. Clearly the endomorphism ring E' of 
M in Ml equals E ®k L and is a finite-dimensional L- algebra. Wc also observe 
that (M, /iql) is a unimodular eo-hermitian form in and that it induces by 
[7], lemma 1.2 the involution a id^ on E' . We have an obvious 1-hermitian 
functor of extension of scalars 

We recall from §2.2 that there are two fully faithful eo-hermitian functors 

3" : Ml\m ^ '^iE L). 
We denote by Rl/k the obvious functor of scalar extension 

Rl/k ■ 'y{E) y{E®K L). 
It is straightforward to prove that the following diagram commutes: 



L M ■ 



y{E ®K L) 



M 



R 



L/K 



M 



9{E) 



For e = ±1 the above diagram induces a commutative diagram on the level of 
unimodular hermitian forms: 

Herm^ (T') 

^'{Ml\m) :K"°(E ^KL,a^ idL) 



Herm^(Kf ) 



Herm^(5) 



M) 



Hcrm"0(Kj^/^) 

■:K''°{E,a) 



and one on the level of Witt groups: 



10 



Herm^{3?f/^) 



Herm"0(Ri/K) 



W^(M|m) ^^^^^^^^ W^^^{E, a) 

Let {N,g) and (A^',c/') G J{"(M|m) be such that 

H^^(ai^^^)(iV,5) = lS^(3lf/^)(iV',5') 
in W^'((Ml)|m). It follows that 

in W'''^'^{E ®K L,a As the last diagram above commutes, we obtain 

HOTK"°(i?i/x)(H^'(J)(iV, c/)) = BB^'\RL/K)(^^\'^){N',g')). 



By [4], proposition 1.2, the map Herm (Rl/k) is injcctive, so wc deduce that 
Herm'(5')(iV,^) = Herm'( J)(A^', in W'"^>{E,a). Since in the category M\m 
all idempotents split, the functor 5" is an equivalence of categories and hence 
the group homomorphism Herm (3^) : W'CMIm) ^ W^^°{E,a) is bijective (see 
§2.1). It follows that {N,g) = {N',g') in W'{M\m)- We conclude that the map 
Herm (3?^^) is injective. 



Proof of theorem 4.1 Let {N, g) e Ji'{M) be such that Herm {'Rl/k){N, g) is 
hyperbolic. This means that {N,g 1) is a hyperbolic unimodular e-hermitian 
form in the category M^, so in the category JAl\n too. Hence Herm (3?^^^)(A^, g) - 

and from to the injectivity of the map Herm''(3?^y^) we deduce that {N,g) is 

hyperbolic in M|iv, so in M too. In conclusion the map Herm^(^Ri/i^) is injective. 



§5. Systems of sesquilineetr forms 

In this section we generalize results proven in [5] to systems of sesquilinear forms. 
We first construct an equivalence of categories as in [5] , §4. 

§5.1. Preliminciries 

Let A be a ring with an involution a and / be a set. A system of sesquilinear 
forms over {A, a) is {V, (sj)jg/), where is a reflexive right A-module of finite 
type and for all i G /, {V,Si) is a sesquilinear form over {A, a). A morphism 
between two systems of sesquilinear forms {V, (si)ig/) and {V, (s^)ig/) consists of 
an isomorphism of 74-modules / : V^V such that for every i & I and x,y & V 
we have s[{f{x).f{y)) = Si{x,y). Let us denote by 2>^^\A,a) the category of 
systems of sesquilinear forms over (A, a). 
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Denote by J the disjoint union of two copies of /. We define the category of 

J-arrows between reflexive A-modules as being the category M*^"^^ constructed 
in the following way: its objects are of the form (y^W^{fi^ gi)i^i), where V 
and W are two reflexive A-modules of flnite type and for all i E I, fi,gi : 
V ^ W are homomorphisms of A-modules. A morphism from (V, VT, {fi, gi)iei) 
to {V',W',{fl,g'i)iei) is a pair (0,-0), where : V^V and ip : W^W are 
isomorphisms of A-modules such that for all i E I we have ipfi = f[(j) and 
ifjgi = g[(j). By defining direct sums in the obvious way we see that M(-^) IS an 
additive category Let {W* ,V* ,{glJ*)i^i) be the dual of {y,W,{fi,gi)ia) and 
set E(y^Y/,{fi,gi)iei) = (ey,evK)- This defines a duality on the category M^-^^. We 
observe that if the set / has one element, then M^-^^ coincides with the category 
constructed in [5], §3. 

We define a functor * : S(-^)(A,cr) M^-^^ in the following way: Let (V, (si)ie/) 
be an object of $^^\A, a) and for alH G / let Su-.V^ V* and -.V ^ V* be 
the left, respectively the right adjoint of (V^ Sj) (cf. §1). Then (V, V* , {sn, Sjr)te/) 
is an object of M*^"'-' and it is easy to check that (ey,idy.) defines a unimodular 
hermitian form on it. Let ^{V, {si)i^i) = {{V,V* , {su, Sir)i^i), {ev,idv*))- For 
a morphism ip : (V, (si)ie7) — >■ {V, (sQjg/) of systems of sesquilinear forms over 
{A,a) set*H = ((^,(^*-i). 

5.1.1. Theorem The functor "i/ is an equivalence of categories between §>^^\A, a) 
andJi{M^^^). 

Proof. The proof is analogous to the one of [5], theorem 4.1. The functor 
$ : 'K{'M-^'^^) -> §>{A,a) which realizes, together with ^, the desired equivalence 
of categories is defined in the following way: Let {{V, W, {fi, gi)iei), {<P, '4')) be an 
object of IK(M('^)). For every i e I define a sesquilinear form Si : V x V ^ A 
by Si{x,y) = {i^gi){x){y) for aU x,y eV and set M^, (/j, -0)) = 

(V,(sj)jg/). For a morphism A = (Ai,A2) between two objects of IK(M*^"^)) set 
$(A) = Ai. 

If (y, (si)ig/) is a system of sesquilinear forms over {A, a), then we denote by 
g(Vi (sj)ie/) the corresponding object (V, V*, (sjj, Sjr)je/) of the category M*^'^^. 
We next describe, following [5], §5, the set of isometry classes of systems of 
sesquilinear forms over (A, cr) corresponding by theorem 5.1.1 to a given object 
of the category M^-^^ . 

Let us fix a system of sesquilinear forms (Vq, (soj)ie/) over (A, a) and consider 
the unimodular hermitian form r^y^ = {evQii^v^) on Qq — g(Vo, {sQi)i^i). Let E 
be the endomorphism ring of the object Qq in M*^"^-*. The form ?7v^, induces an 
involution ~ on E, defined by / = '>]y^f*riva for all f E E, where /* denotes the 
dual of / in M.^'^K As in [5], §5 we denote by H(^,E^) the set of equivalence 
classes for the equivalence relation defined on {/ G -E| f = f} by: / = /' if there 
exists a g & E^ such that gfg — f. Analogously to [5], theorem 5.1 we obtain: 
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5.1.2. Theorem The set of isometry classes of systems of sesquilinear forms 
(V, (sijiei) over {A, a) such that q{V, (sj)jg/) ~ Qq is in bijection with E^). 

Proof. The proof is analogous to the one of [5], theorem 5.1. For every 
system of sesquilinear forms {V, (si)ig/) over {A, a) such that q{V, (si)ie/) — Qo 
the unimodular hermitian form (eyjidy) on q{V, (sj)ig/) induces a unimodular 
hermitian form r]v on Qo- The desired bijection is given by: 

{[{V, {Si)i^i)] I {V, {Si)ia) e §^'\A, a), q{V, (s^ie/) - Qo} ^ H{~ E^) 

[(V, (Sj)ie/)] ^ Vvo^v- 

§5.2. Witt's cancellation theorem 

Let X be a field of characteristic 2, A he a finite-dimensional K-algehra. and a 
be an involution on A. Analogously to [5], theorem 6.1, a cancellation theorem 
holds for systems of sesquilinear forms over {A, a): 

5.2.1. Theorem Let {V, {s,i)iei), ( (s-)ig/) and {V" , {s'Dia) be systems of 
sesquilinear forms over {A, a) such that 

Then we have {V , {s[)i^i) ~ {V" , 

Due to the equivalence between the categories S^^^(A,(t) and 'K(JA!''^^) given by 
theorem 5.1.1, it is enough to prove that Witt's cancellation theorem holds in the 
category ^{(M^-^)). This can be proven as in [5], proposition 6.2. 

§5.3. Springer's theorem 

In this subsection we prove an analogue of Springer's theorem for systems of 
sesquilinear forms defined over finite-dimensional algebras with involution. 

Let i^T be a field of characteristic 7^ 2, A be a finite-dimensional i^-algebra and 
(7 be a X-linear involution on A. We also consider a finite extension L of K, the 
finite-dimensional L-algebra Al — A(^kL and the L-linear invohition ai = a&di, 
on Al- If {V, {si)i(zi) is a system of sesquilinear forms over {A, a), then we denote 
by {V, {si)i(zi)L = {Vl, {{si)L)iei) the system of sesquilinear forms over 
obtained by extension of scalars. 

5.3.1. Theorem Suppose that L/K is an extension of odd degree. Let (V, (si)ie/) 
and {V, (s^ie/) be two systems of sesquilinear forms over {A, a). If (V, 
and {V',{s'^iQj)L are isometric over {AL,aL), then (V, (sj)jg7) and {V',{s'^i^i) 
are isometric over {A, a). 
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Proof. The proof is analogous to the one of [5], theorem 7.1 and uses the 
equivalence of categories given by theorem 5.1.1. 

§5.4. Weeik; Hasse principle 

The well-known weak Hasse principle states that if two quadratic forms defined 
over a global field k of characteristic ^ 2 become isometric over all the completions 
of k, then they are already isometric over k. The aim of this section is to generalize 
this result to the case of systems of sesquilinear forms defined over a skew field 
with involution. Throughout this section we suppose that / is finite. 

For results concerning the weak Hasse principle for systems of hermitian or 
quadratic forms over fields see [1], respectively [2]. A weak Hasse principle for 
sesquilinear forms defined over a skew field with involution has been proven in 
[5]. 

Let X be a field of characteristic 7^ 2, D be a finite-dimensional skew field with 
center K and a be an involution on D. Denote by k the fixed field of a in K. 
Then either k = K (when a is said to be of the first kind) or is a quadratic 
extension of k and the restriction of a to is the non-trivial automorphism of K 
over k (in which case a is said to be of the second kind or a unitary involution). 

Suppose that /c is a global field. For every prime spot p of k, let kp be the 
completion of /c at p, Kp — K ®k kp and Dp = D (S)k kp. Then Dp is an algebra 
with center Kp and consider on it the invohition dp = a ® id^^. Then from any 
sesquilinear form {V, s) over (D, a) we obtain by extension of scalars a sesquilinear 
form {Vp,Sp) over {Dp,ap), where Vp = V kp is a free right Dp-module of 
rank dim£)(V"). Hence we obtain a notion of extension of scalars for systems of 
sesquihnear forms over {D, a) by setting (V, (si)jg/)p = {Vp, {{si)p)ia)- 

We say that the weak Hasse principle holds for systems of sesquilinear forms over 
{D, a) if any two systems of sesquilinear forms (V, (sj),^/) and {V, (s'^i^j) over 
{D, a) that become isometric over all the completions of k (i.e. {Vp, {{si)p)i^i) ~ 
{Vp, {{s'j)p)iei) over {Dp,ap) for every prime spot p of k) are already isometric 
over {D,a). 

For the problem of determining when the weak Hasse principle holds we will use 
the ideas developed in [5]. We denote by M*^'') ( {Mp)^"^^ ) the category of J-arrows 
between refiexive D- (resp. Dp-) modules. Let us fix a system of sesquilinear 
forms So over {D, a). Consider a system of sesquilinear forms s over {D, a) that 
becomes isometric to sq over all the completions of k. Denote by q{s) the object 
of M*-"^^ corresponding to s by the equivalence of categories given in theorem 5.1.1. 
For every prime spot p of /c we have (so)p — hence q{{so)p) ~ q{sp). Since 
q commutes with base change, we obtain q{so)p ~ q{s)p and since / is finite, it 
follows that q{so) ~ q{s). 
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Denote by E the endomorphism ring of g(so) in M. The unimodular hermitian 
form r^so = i.^Voi '^^v^) defined on q{sQ) induces an involution ~ on E. For every p 
let Ep = E ®k kp, on which we consider the involution ~p =~0 id^j,. By theorem 
5.1.2 it is clear that if the localisation map 

^:HC,E-)^l[HC„E^) 
p 

is injective, then the weak Hasse principle holds for systems of sesquilinear forms 
over {D,a). As in [5], §8, we prove the following: 

5.4.1. Theorem If a is a unitary involution, then the map $ is injective 
and hence the weak Hasse principle holds for systems of sesquilinear forms over 
{D,a). 

§5.5. Finiteness results 

In this section we generalize theorem 3.3.1 and the results proven in [5], §9 to 
systems of sesquilinear forms. Following §2.3 we say that two systems of sesquilin- 
ear forms over (^4, a) are in the same genus if they become isometric over all the 
extensions of A to Zp, where p is a prime. 

Fix a system of sesquilinear forms {V, (sj)jG/) over {A, a) and denote by q{V, (si)ig/) 
the corresponding object {V, V*, {su, Sir)i£i) of M^"^^ and by E its endomorphism 
ring in M^"^^. It is straightforward to prove the following results using the meth- 
ods of [5], §9 and the equivalence of categories F : §^^\A,a) — >■ 1K(M^"^^) given 
by theorem 5.1.1: 

5.5.1. Theorem // there exists a non-zero integer m such that End^(K) is 
1^1 /m]- finite, then there exist only finitely many isometry classes of systems of 
sesquilinear forms on V. 

5.5.2. Theorem Let N he an object of M*-"^-* and assum,e that there exists a 
non-zero integer m such that End-)v(;{j) (iV) is IjW/m]- finite. Then there exist only 
finitely many isometry classes of systems of sesquilinear forms (V, {si)i^i) over 
{A, a) such that q(y, {si)i^i) ~ N . 

5.5.3. Theorem If there exists a non-zero integer m such that EndA(T^) is 
'Z[l/m]- finite, then (y,{si)i^i) contains only finitely many isometry classes of 
orthogonal summands. 

5.5.4. Theorem //End^(y) is Q-finite, then the genus of {V, {si)itzj) contains 
only a finite number of isometry classes of systems of sesquilinear forms. 
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